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(b)   Let (z | z') be the euclidean scalar product xxf 4- yy' in the plane C = R2 (with
z = x + />, z' = x' + iy'). Let P0 be the open hexagon defined by the relations
For any number a > 0, the set of all hexagons oc?mn deduced from aP0 by all trans-
lations of the form oc(mein/3 -f «)> where m and n are arbitrary integers in Z, is called
an hexagonal net of width a; the sets aPmn (resp. aPm/I) are called the open (resp. closed)
meshes of the net ; the boundary of aPmn is the union of 6 segments (the sides of aPran),
whose extremities are called the vertices of aPnm ; the nodes of the hexagonal mesh are
all the vertices of the meshes. Every node is a vertex of three meshes, and the other
extremities of the three sides issuing from that node are called its neighboring nodes.
Let B be the union of a finite number of closed meshes of an hexagonal net. Show that
if a node belongs to fr(B), there are exactly two neighboring nodes which also belong
to fr(B) ; conclude that fr(B) is the union of a finite number of disjoint simple closed
curves, each of which is a union of sides of meshes of the net. (Start with two neighboring
nodes #1, a* in fr(B), and show that one may define by induction a finite sequence (an)
of nodes belonging to fr(B), such that an and an+i are neighboring nodes for every n.)
 (c)	Let B be the union of a finite number of closed meshes of an hexagonal net of
width a, such that fr(B) is a simple closed curve (union of sides of meshes of the net).
Let a, b be two neighboring nodes on fr(B); prove that there exists a continuous map-
ping (z, /) -» <p(z, t) of B x [0, 1] into B such that: (1) <p(z, 0) = z in B; (2) <p(z, t) = z
for every t e [0, 1] and every z on the segment S of extremities a and b; (3) <p(z, 1) c S
for any z e B. (Use induction on the number N of meshes contained in B; consider one
side of extremities c, d, contained in fr(B), such that c and d have the same first co-
ordinate, equal to the supremum of pri(B), and that £/has the largest second coordinate
among all the nodes in fr(B) having that supremum as first coordinate; show that if
N > 1, B = b! u P, where P is the unique mesh contained in B and having c and d as
vertices, BA is the union of N — 1 meshes, and has in common with P one, two or three
sides ; examine the various possibilities.) Prove that the interior of B is simply connected.
 (d)	Let B be the union of all closed meshes of an hexagonal net of width a, which are
contained in A; a is taken small enough for B to be nonempty. Let D be one of the
(open) connected components of 6 ; show that fr(D) is a simple closed curve. (Use (a)
and Problem 3(d), to prove that if fr(D) was the union of more than one simple closed
curve, there would be simple loops y in A and points z e fr(A) such thatyfo y) = 1.)
 (e)	Conclude that A is simply connected, and is the union of an increasing sequence
(Dn) of open simply connected subsets, each of which is the bounded component of
the complement of a simple closed curve (use (c) and (d)). Conversely, such a union is
always simply connected.
(f ) Extend the result of (e) to arbitrary simply connected open subsets of C (for each
n, consider the closed hexagons of the hexagonal net of width l/n which are contained
in the intersection of A and of the ball B(0; n)).
(g)   Let A be an open connected subset of C such that the complement C — A has no
bounded component; show that A is simply connected (use (9.8.5)).
(h)   Prove that any connected component of the intersection of a finite number of
open simply connected sets in C is simply connected.
5.   Show that the following open subsets of C are simply connected but that their frontier
is not a simple closed curve :
 (1)	The set ai of points x+iy such that 0< x < 1 , ~- 2<y< sin(\/x),
 (2)	The set A2  of points x + iy such that  - 1 < x < 0 and  - 1 < y < 1 , or
andO<|j>| < 1.

